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A NOTE ON COUPLED FOCUSING NONLINEAR 
SCHRODINGER EQUATIONS 

T. SAANOUNI 


Abstract. Some focusing coupled Schrodinger equations are investigated. First, 
existence of ground state is obtained. Second, global and non global existence 
of solutions are discussed via potential-well method. Finally, strong instability of 
standing waves is established. 
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1. Introduction 


Consider the Cauchy problem for a focusing Schrodinger system with power-type 
nonlinearities 


( 1 . 1 ) 


{ iiij -b Auj = — 


m 

k=l 
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where Uj : x R —)■ C, for j G [1, m] and ajk = are positive real numbers. 

The m-component coupled nonlinear Schrodinger system with power-type nonlin¬ 
earities denoted {CNLS)p arises in many physical problems such as nonlinear optics 
and Bose-Einstein condensates. It models physical systems in which the held has 
more than one component. In nonlinear optics [2] Uj denotes the component of 
the beam in Kerr-like photo-refractive media. The coupling constant ajk acts to the 
interaction between the and the components of the beam. {CNLS)p arises 
also in the Hartree-Fock theory for a two component Bose-Einstein condensate. 
Readers are referred, for instance, to [HI [28] for the derivation and applications of 
this system. 


A solution u := (ui, to fll.ip formally satishes respectively conservation of 

the mass and the energy 


E{u{t)) 



M{uj) := / \uj{t, x)\'^ dx = 

Jrn 

1 m 

x)]"^ dx - y ttjk / \uj{t,x)uk{t^x)\^ dx = 


Before going further, let us recall some historic facts about this problem. For the one 
component Schrodinger equation, the model case given by a pure power nonlinearity 
is of particular interest. The question of well-posedness in the energy space EI^ was 
widely investigated. We denote for p > 1 the Schrodinger problem 

{NLS)p w += 0, n : R x R^ ^ C. 


This equation satishes a scaling invariance. Indeed, if u is a solution to {NLS)p with 
data Uq, then ux := \p-^u{X^ ■, X .) is a solution to {NLS)p with data Xp-^Uo{X .). 
For Sc ■= Y ~ space whose norm is invariant under the dilatation 

M t—)■ ma is relevant in this theory. When Sc = 1, which is the energy critical case, 
the critical power is pc ■= N > 3. 

Local well-posedness holds in the energy critical case [9] and the local existence inter¬ 
val does not depend only on ||mo||hi- Then, an iteration of the local well-posedness 
theory fails to prove global existence. But using ideas of Bourgain mi and a new 
interaction Morawetz inequality HDl the energy critical case of {NLS)p is now com¬ 
pletely resolved [221 HBj- Finite energy initial data evolve into global solution u with 
hnite spacetime size ||n|| 2 { 2 +jv) < oo and scatter. 

r V-2 
^t,x 

In two space dimensions, similar results about global well-posedness and scatter¬ 
ing of the Schrodinger equation with exponential nonlinearity exist [201E21E3112I]. 


Intensive work has been done in the last few years about coupled Schrodinger 
systems EH ng. These works have been mainly on 2-systems or with small 
couplings. Moreover, most works treat the focusing case by considering the station¬ 
ary associated problem Despite the partial progress made so far. 
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many difficult questions remain open and little is known about m-systems for m > 3. 

Recently, the defocusing problem associated to the Schrodinger system fll.ll) was 
investigated in m, where global existence and scattering were obtained. 

The purpose of this manuscript is two-fold. First, by obtaining existence of a 
ground state, global and non global well-posedness of the system fll.ll) is discussed 
via potential well method. Second, using variational methods, we study the stability 
of standing waves. 


The rest of this paper is organized as follows. The next section contains the main 
results and some technical tools needed in the sequel. The goal of the third section 
is to study the stationary problem associated to fll.llh In section four, global and 
non global existence of solutions is discussed via the potential-well theory. The last 
section is devoted to study the stability of standing waves. 


We end this section with some dehnitions. Let the product space 


H := H 




) X ... X H\R^) = 


where H^{R^) is the usual Sobolev space endowed with the complete norm 

( II'^IIl 2(RJV) + ||Vu|| L2(RiV) 


\U 


We denote the real numbers 


:=l + — and p* : = 


^ if N>2; 
oo if N = 2. 


We mention that C will denote a constant which may vary from line to line and if A 
and B are non negative real numbers, A < B means that A < CB. For 1 < r < oo, 
we denote the Lebesgue space := L^(R^) with the usual norm || . ||r := || . \\l^ and 
II . II := II . II 2 . For simplicity, we denote the usual Sobolev Space := 
and if® := IF®’^. If X is an abstract space Ct{X) := C'([0,r],X) stands for the 
set of continuous functions valued in X and Xrd is the set of radial elements in X, 
moreover for an eventual solution to fll.ip . we denote T* > 0 it’s lifespan. 


2. Main results and background 


In what follows, we give the main results and some estimates needed in the sequel. 
For u := (ui,..., Um) G H, we dehne the action 


\ujUk\^ dx. 


-i lit lit n 

‘5(u) := 2 ^ / 

If a, /3 G M, we call constraint 

m 1 ^ 

2h:„,;3(u) :=^((2a + (F-2)/3)||Vu,-f+ (2a + iV/3)||u,-f)-- ^ ajk / (2pa + F/3)h 


i=i 


p ^ 

^ j,k=l 
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Definition 2.1. We say that 'I' := {'ipi, ...,'0^) is a ground state solution to fll.ip if 

m 

( 2 . 2 ) Afjj + = 0 , 0^^ e Hrd 

k=l 

and it minimizes the problem 

(2.3) ma,y := ^Jnf^{S'(u) s. t Ka,y(u) = 0}. 

Moreover, in such a case ^ is called vector ground state if each component is nonzero. 

Remark 2.2. If'^GHisa solution to fl2.2p . then is a global solution of (ED 
said standing wave. 

2.1. Main resnlts. First, the existence of a ground state solution to fll.ip is claimed. 

Theorem 2.3. Take N > 2, p^, < p < p* and two real numbers (0, 0) 7 ^ (a, /3) G 
M^U{1,— If}. Then 

(1) m := ma,i 3 is nonzero and independent of (a, fd); 

(2) there is a minimizer of fl2.3p . which is some nontrivial solution to fl2.2p .' 

(3) if we make the following assumptions 

Ojj = pj and Ojk = n for j G [1, m] 

then, at least two components of the minimizer are non zero if p > 0 is large 
enough. 

Second, using the potential well method [I9], we discuss global and non global 
existence of a solution to the focusing problem fll.ll) . Define the sets 

^a /3 := {u G R s. t 5'(u) < m and Ka^j 3 (u) > 0}; 

A~p := {u G if s. t * 5 ( 0 ) < m and Ka,j 3 (u) < 0}. 

Theorem 2.4. Take 2 < N < 4 and p^ < p < p*. Let G ii and u G the 

maximal solution to ED- 

(1) If there exist (0,0) 7 ^ (o(,/3) G U {1, — and to G [0,T*) such that 
u(to) G Afp, then u is global; 

(2) if there exist (0,0) 7 ^ (a,/^) G U {1, —and to G [0,T*) such that 
u(to) e A~p and xu(io) G L"^, then u is non global; 

Remark 2.5. The existence of a local solution to fll.ip was proved in 

The last result concerns instability by blow-up for standing waves of the Schrodinger 
problem fll.ip . Indeed, near ground state, there exist infinitely many data giving 
finite time blowing-up solutions to fll.ip . 

Theorem 2.6. Take 2 < N < 4 and p* < p < p*. Let be a ground state solution 
to fl2.2p . Then, for any e > t), there exists uq G ii such that ||uo — < e and the 

maximal solution to ED with data uq is not global. 

In what follows, we collect some intermediate estimates. 
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2.2. Tools. Any solution to fll.ip formally enjoys the so-called Virial identity |TB] . 
Proposition 2.7. Let u E H, a solution to (HU such that XU G Then, 

(2.4) i(E” i||x«j(()||i.)'' = 

The following Gagliardo-Nirenberg inequality na will be useful. 

Proposition 2.8. For any {ui,..,Um) G H, yields 



Let us list some Sobolev embeddings EE]. 


Proposition 2.9. The first injection is continuous and the last one is compact. 

(1) whenever 1 < p < q < oo, s>0 and ^ ^ -l- 

(2) for 2 < p < 2p*, 

( 2 . 6 ) LP{R^). 

Finally, recall the so-called generalized Pohozaev identity na. 

Proposition 2.10. ^ E H is a solution to fl2.2p if and only i/iS"(\h) = 0. Moreover, 
in such a case 


Ka,i 3 {'^) = 0, for any (a,/3)GM^. 


3. The stationary problem 

The goal of this section is to prove that the elliptic problem fl2.2p has a ground 
state solution which is a vector one in some cases. Let us start with some notations. 
For u := {ui, Um) G H and X, a, fi E M, we introduce the scaling 


and the differential operator 

£a,l3 '■ 1 Uj I—)■ 9A((Rj)“’^)|A=0. 

We extend the previous operator as follows, if A : —)■ M, then 


£^,yA(ufi := d^(A((u^r’%^=o- 
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Denote also the constraint 


^5 E ((2“ + (^ - 2)/3)l|V%ll" + (2a + iV/?)|| 


Ui 


i=i 

m 


2p 


ttjk / {2pa + N(3)\ujUk\^ dx 


j,k=l 
m 


-i no lit n 

2 Yl I 

i=i ^ i.fc=i 


dx. 


Finally, we introdnce the qnantity 


Ha,/3{u) := S{u) - 


2a + N/3 




2a + N^l^ 

7 = 1 


^2/9||V-Uj||^ + a(l-) ^ «jfc / \ujUkf dx 


p 


j,k=l 


3.1. Existence of ground state. Now, we prove Theorem 12.31 abont existence of 
a gronnd state solntion to the stationary problem fl2.2p . 

Remark 3.1. (i) The proof of the Theorem \2.d[ is based on several lemmas; 

(ii) we write, for easy notation, Uj := K := := £ : = 

£a,y and H . Hq^^. 

Lemma 3.2. Let {a,l3) G M^. Then 

(1) min (£R(u), H{u)) > 0 for all 0 ^ u G H; 

(2) A I—)■ H{u^) is increasing. 


Proof. We have 


ff(u)> 


2fi 


2q; + N13 


\\Vujf > 0 . 


Moreover, with a direct compntation 


= 2a~+\f3 ^^ ~ ~ + iN- 2)/3)(l - ^-^)S{u) 

= + + Nl3))S{u) + (2a + (iV - 2)/3)R(u). 














COUPLED NLS 


7 


Since (£ — (2a + (A^ — 2)/5))||= (£ — (2a + Nl3))\\uj\\'^ = 0, we have 
{£ - (2a + (iV - 2)^)) {£ - (2a + N^))\\uj\\l^ = 0 and 


£H{u) > 


-1 


> 


2a + N13 

1 2a(p- 1) 

^2a + N(3 


^ IIL 

{£ - (2a +{N- 2)13)) {£ - (2a + N^)) a,-, 


m « 

(2a(p - 1) + 2(3) ^ Oj-fc / 


dx > 0. 


The last point is a consequence of the equality dxH{u^) = £H{u^). 
The next intermediate result is the following. 


lujUkl"^ dx 


Lemma 3.3. Let {a, (3) G satisfying 2a + {N — 2)j3 > 0, 2a + N13 > 0 and 
0 7 ^ be a hounded sequence of H such that 

m 

=0. 

i=i 

Then there exists no G N such that K{ui, > 0 for all n > uq. 


Proof. We have, 


A'«, = 


i=i 


u. 


{2pa + N (3) 

2p 


m „ 

Q-ifc / 

J,k=l 


lUjU^f dx. 


Using Proposition fl2.8p . since p^ < p < p*, min{(2a+ {N — 2)j3),2a + Nf3} > 0 and 
K^{u]) = ((2a + (A^ - 2)/3)\\Vu]f + (2a + N/3)\\u^f^ ^ 0, 

yields 

m p / m \ / m \ 

^ a,J i«"<r = o E ii^“?ii' = “ E■ 

j,k=i \i=i / \i=i / 

Thus 

-l m 

k(u’;,...,k,)~-Y,k‘^{u])>o. 

i=i 


We read an auxiliary result. 

Lemma 3.4. Let (0,0) ^ (a,/5) G satisfying {N,a) ^ (2,0). Then 

rUa^g = Jnf^|iP(u) s. t Ar(u) < O}. 

Proof. Denoting by a the right hand side of the previous equality, it is sufficient to 
prove that map < a. Take u & H such that A'(u) < 0. Because lim A'‘^(u^) = 0, 

by the previous Lemma, there exists some A < 0 such that iP(u'^) > 0. With a 
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continuity argument there exists Aq < 0 such that X(u^°) = 0, then since A i—)■ H{u^) 
is increasing, we get 

This closes the proof. ■ 

Let prepare the proof of the last part of the Theorem 12.31 Here and hereafter, for 

N 

A > 0 and u := (ui,.., Um) E H we denote := A^u(A.) and 

Qj(u) := ^llVn^ll^ - (1 - y)Sr=i«i,fc / \ujUk\^ dx] 


P 


1 ., ,2 1 


r) ^k=i^j,k / \ujUk\^ dx. 

2 2p 

Note that S™ and = S. 

Lemma 3.5. Let u G iL such that T,Y=iQj{u) < 0. Then, there exists Aq < 1 such 
that 

(1) E-= 0; 

(2) Ao = 1 and only if'E'^^iQj(u) = 0; 


(3) ^5'(ua) > 0 /or a e (0, Aq) and ^^(ua) < 0 for X e (Aq, oo); 

(4) A —)■ 5'j(uA) is concave on (Ao,C)o); 

(5) |:^.(ua) = i 

Proof. We have 


n\2 1 r 

- (1 - 

P JRJV 


Moreover, with previous computations 

dxSjiux) = AllVuj 
N 


2 - ^(1 - [ \u,Ukfdx 


P 


2A 


<5i(uA) 


which proves (5). Now 

2A^ 1 f 

Q,{vx) = —||Vn,||2-(l--)A'^(^’-')E™,a,-fc / \uM^dx 

= ^ IIVmjIP - ^(1 -/ \ujUkf’dx 

iV L 2 p J^N 

A monotony argument closes the proof of (1), (2) and (3). For (4), it is sufficient to 
compute using (3). ■ 

In the case {a, (3) = (1,—we will use T := S — rather then Ha,p 

which is no longer dehned. 

Lemma 3.6. For u E H, the following real function is increasing on M+, 

A^ r(Au). 
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Proof. Denoting u ;= {ui,Um) G H, we compnte 

\2 , j\T\2p—2 12 /" \ 

T(Au) = -E” .(||„,|P + —(1 - - - -)EJL. 

, j\T\^2p-3 7 f \ 

d^T{Xn) = AS-i(||n,||2 + -^—{p - 1 - WjUkl^dx); 

The proof is ended because p > p^. m 

As previously, we can express the minimizing number _ 2 _ with a negative 
constraint. 

Proposition 3.7. We have 

m, _± = inf {7"(u), K, _a(u) < 0 |. 

JV 0 ^u£H n'- ' ^ 

Proof. Letting mi the right hand side, it is sufficient to prove that rrii < mi. Take 
u E H such that _a(u) < 0 then by Lemma [33] and the facts that A T(Au) is 
increasing, there exists A G (0,1) such that i^i _^(Au) = 0 and mi _ 2 _ < T{Xu) < 

T(u). The proof is closed. ■ 

Proof of theorem 12.31 

First case (iV, a) ^ (2,0). 

Let {(j)n) := ( 01 , •■•,0m) be a minimizing sequence, namely 

(3.7) 0 7 ^ (0„) G iL, K{(f)ri) = 0 and limiL(0„) = hm5'(0„) = m. 

n n 

With a rearrangement argument via Lemma 13.41 we can assume that (0„) is radial 
decreasing and satishes fl3.7p . 

• First step: (0^) is bounded in H. 

First subcase a 7 ^ 0. Write 

m n m m AT ^ P 

“(EiI'^'jIIh' - E iA = f(2Eiiwjit-ivE+ 7 E / Wi'i’l? 

m ^ m p 

E ll'^i 11^1 - - E ^ 2m. 

Denoting A := ^, yields 

m m m AT ^ P 

Eii'^”iiL- E “j* / = a( 2^iiv,#.”ii=-ivii^>”iiy+- E 

73 1 -/R^ ^ 73 73 P • 3^ 1 Arjv / 

1=1 J,k=l j = l 1=1 1,K=1 

So the following sequences are bounded 

m m m « 

-2aE l|Vi>,"f + E KWl- - E “J* / 

1=1 1=1 i,fc=l 

m m « 

1=1 P j,k=i 
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Thus, for any real number a, the following sequence is also bounded 


j=i ;.i P i.k=i A*" 

Choosing a G (l,p), it follows that {(j)n) is bounded in H. 

Second subcase a = 0 and N > 3. Write 

m -l m m « 


j=i 


i=i 


p ^ 

^ j,k=l 


< m. 


Assume that lim > ||0?|| = oo. Then, taking account of the interpolation inequality 

™ i=i 

fl2.5p . we get 


Ell^"f <A-«OT = (a+^)E ,f \niuAdx<[Y,U 

i-i Vj.i 

This is a contradiction because = p — < i. 

• Second step: the limit of (0„) is nonzero and m > 0. 

Taking account of the compact injection 02.61) . we take 

(<^1,--^O ^ = (01> in H 

and 

ill (i"")'’"'. 

The equality K{(j)n) = 0 implies that 

2a + (iV-2)/3^„^_,„„2, 2a + iV/3^_„,,2_ 2ap + iV/? 


N-p{N-2) 

2 


n II 2 


Eii^-'>: 




E m\ 


2p 


m „ 

■ Oifc / 10' 




i=i i=i 

Assume that 0 = 0. Using Holder inequality 

110 - 0 ^ 11 ^ < mWkiii ^ miMp = 0 . 

Now, by lemma yields K{(f)n) > 0 for large n. This contradiction implies that 

0 0 0 . 

With lower semi continuity of the norm, we have 
0 = hminfiC(0„) 

n 

2a + (N-4:)B 2a + NB 

> -^ hmmf ^ \\Vcp]f + -—^ hmmf ^ ||0^"||2 


i=i 


i=i 


2ap + N j3 

2p 




j,k=l 
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Similarly, we have < m. Moreover, thanks to Lemma [3.41 we can assnme that 
/L(0) =0 and * *S'(0) = i^(0) < m. So that 4> is a. minimizer satisfying fl3.7p and 


= iL(^) = 


1 


2a + N (3 


m ^ m « 

5^ ||V0,||‘^ + a(l - -) 5^ ajk / 

U P ■'x' 


dx) > 0. 


• Third step: the limit 0 is a solution to fl2.2p . 

There is a Lagrange multiplier r; G M such that *S"(0) = riK'{(f)). Thus 

0 = iL(0) = £S{<j>) = (5'(0), £(0)) = £m = v£K{cj)) = r^£^S{<P). 

With a previous computation, we have 

-£^S{(p) - {2a + (iV - 2)(3){2a + N(3)S{(j)) = -{£ - {2a + {N - 2)/3))(T - (2a + N(]))S{(j)) 

= ^2a{p - l){2a{p - 1) + 23) Qjk [ \(j)j4>k\^ dx 

2P V 

> 0 . 

Therefore £^S'(0) < 0. Thus r] = 0 and S'{(j)) = 0. So, 0 is a ground state and m is 
independent of a, /5. 

Second case {a,N) = (0,2). 

With a rearrangement argument, take (0„) := (0",..., be a radial minimizing 
sequence, satisfying 03.71) . 

• First step: (0„) is bounded in H. 

Without loss of generality, take 0 = 1. We have 

m 

3 = ^ 

m ^ m 

KoAM = ll€ll" - - E 

By 03.7p via the dehnition of Hq i, (0„) is bounded in {H^)^'^\ Now, because 

HoAM = HoA4>n), ^O,l(0n) = KoA<l^n) = 0, 

by the scaling 0^ := 0„(e“'^.), we may assume that ||0"'|| = 1 for j G Thus 

(0n) is bounded in H. 

• Second step: the limit of (0„) is nonzero and m > 0. 

Taking account of the compact injection 02.61) . we take 



(01, ^ -M 0m) in H 


and 


Now, by the fact 0 = iF(0„), we have 
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Moreover, if 0 = 0, we get 

^ mivMp = o, 

which is a contradiction. Then 

<^^0. 

For 0 < A —;■ 0, we have 


Thus, 


a,k / dx = o(Sf=iK«(A 0 ,)) = A^E™ iK«(A 0 ,). 

j,k=i •’ 


Ko,i{(fy < 0 ^ 3A e (0,1), s. t KQ^i{\(t)) = 0 and iyo,i(^0) < ^o,i(0)- 


So, we may assume that K{(j)) = 0 and S{(j)) = H{(l)) < m. Then 0 is a minimizer 
and m = H{<p) > 0 . 

• Third step: The limit 0 is a solution to fl 2 . 2 p . 

With a lagrange multiplicator 77 G M, we have S'{(j)) = T]K'{(p). Moreover, since 

m m 

and K'{(j)j) = 2(j)j-2'^ajk\(j)k\^\((>j\^~‘^(f>j 

k=l 

it follows that 

m 

A(j)j = (1 - 2r]){(j)j - 

Since {A(j)j, (f)j) < 0 and 


k=l 


k=l 


E 

i=i ' 


Y\Mj\^)dx = Ko^i{(j)) -YW^jW'^ + i - 1) X] / \(l)k4>j\^dx 


k=l 


i=i 


P 


j,k=l 


m 1 ™ /" 

“Eii*^jii^ + (— 1 ) E 


Then (1 — 2r]) > 0. Finally, choosing a real number A such that e ^^(1 — 2rj) = 1, 
existence of a ground state follows taking account of the equality 

m 


k=l 


Third case {a^fd) = (1,— 

Let {(pn) '■= ( 01 ) ^ minimizing sequence, namely 

(3.8) 0 7 ^ 0„ G iL, K^_ 2 _{cj)n) = 0 and hmS'(0„) = m. 

’ N n 

With a rearrangement argument, we can assume that 0^ is radial decreasing and 
satishes 

0 7 ^ 0„ G iL, i^i _A(0n) < 0 and hmS'(0„) < m. 
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We can suppose that 4>n is radial decreasing and satisfies fl3.8p . Indeed, by Lemmas 
13.5113.61 there exists A G (0,1) such that = 0 and T{X(j)n) < m. Then 


= (1 - [ IMtl-dx; 

P J^N 

- -Sj-fcOj-fe [ \(j)j(j)k\^ dx -)■ 2m. 
P Jrn 


So, for any real number a ^ 0, 


yrym 

W=i 




+ 


|2 I i- T ® „ 

I +1® ~ — )^k=l^j,k 


f 

JR^ 


\4>j4>k\^ 


dx 2m. 


Letting a G y) gives that is bounded in H. Taking account of the 

compact injection fl2.6p . we take 


^ in H 


and 

ill (i"”)'”! 

Assume, by contradiction, that 0 = 0. The equality A'(0ri) = 0 implies, via Holder 
inequality and the fact that p* < p < p*, 

-t ^j,k\\^j\\%\\^k\\2p = 

Now, by lemma 1X51 yields K{(f)n) > 0 for large n. This contradiction implies that 

0^0. 

Thanks to lower semi continuity of norm, we have - 2 .{(p) < 0 and 5'(0) < m. 
Using Lemmas I3.61I3.51 we can assume that A'i _|,(0) = 0 and T(0) < So 0 

is a minimizer satisfying 


0 7 ^ 0 G Hrd, Ki-j_{(j)) = 0 and T(0) = m. 

This implies that 

0 < II0IP < r(0) = m. 

Now, there is a Lagrange multiplier 7/ G M such that 5"(0) = pK' _^(0). Thus 
O = iri,_^(0) = A,_^^(0) = (5'(0),A,_^(0)) 

= A,-A(0)) 

With a direct computation, we have _A(||0j|l^) = {dli _ 2 _ — ;^)(||V0jjp) = 0 and 
(|0j0fc0) = 2(p- l)|0j0fc|P. So 


■'^ 1 ,- 1 -('^ 1 ,- 1 - (1 p)iP 1 


N' 


\ujUk\^ dx > 0. 
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Then, — _ 2 _S{(j)) > 0, so r/ = 0 and *S"(^) 
to (D. 


0. Finally, ^ is a gronnd state solution 


3.2. Existence of vector ground state. Now, we present a proof of the last part 
of Theorem 12.31 which deals with existence of a more that one non zero component 
ground state for large /i. Take (j) := (^i,..., 0^) such that (0,..., (j)j ,..., 0) is a ground 
state solution to 02.21) . So, satishes 

m m 

A(Pj - (Pj + = 0 and UjWm = 

i=i i=i 


Moreover, by Pohozaev identity it follows that 

/V_ 9 ™ /V™ /V"* 

j=i j=i ^ j=i 

Collecting the previous identities, we can write 

m m 

(3,9) =(i_ + 

i=i i=i 

Setting, for t > 0, the real variable function 'j{t) := (0i(j), ■■■, , compute 


A’o,i(7(*)) = 


and 


j=i j=i F j=i 


N 

2p 


V] [ \(j)j(l>k\^ dx 




g(t) := ST{t)) 


-i m m m 

i=i i=i ^ j=i 

1 

2p 






Thanks to 03.91) . ^'(t) < 0 for large t. Then, since ^'(O) > 0 The maximum of g{t) for 
t > 0 is achieved at t > 0. Precisely g{t) = ma.xg{t). Moreover, 


g'i"^ = 0 


t 


:N-1 


N-2- 


-t 


-2 


i=i 


+ 


N 


II 


i=i 



N 


2p ^ 
^ .7 = 1 




II 2 p 

II 2p 
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Then, 


t = 


N-2 

N 



Thus, the maximum value of g is 




max qit) 
t>o ^ ^ 


2{N -2) 


N-2 

2 


N 2 



Now, take u ;= (ui, Um) a ground state to fll.ip . when g —> oo, from the previous 
equality via the fact that i^o,i(7(t)) < 0 for large p, it follows that 


0 < m = 5(u) < ..., (pmi-)) —^ 0. 

This contradiction achieves the proof. 


4. Invariant sets and applications 

This section is devoted to obtain global and non global existence of solutions to 
the system jnj. Precisely, we prove Theorem 12.41 We start with a classical result 
about stable sets under the flow of fll.ip . 

Lemma 4.1. The sets 4l^^ and A~^ are invariant under the flow of fll.ip . 

Proof. Let T G ^ and u G be the maximal solution to fll.ip . Assume that 

u(to) ^ for some to G (0, T*). Since <S'(u) is conserved, we have iL„j 3 (u(fo)) < 0. 
So, with a continuity argument, there exists a positive time ti G (0,to) such that 
A'a,/ 3 (u(ti)) = 0 and S'(u(ti)) < m. This contradicts the dehnition of m. The proof 
is similar in the case of A~m 

The previous stable sets are independent of the parameter (a,/5). 

Lemma 4.2. The sets A'^^ and A~^ are independent of {a,fl). 

Proof. Let {a,fl) and {a',13') in U (1, — {(0,0)}. We denote, for 5 > 0, the 

sets 


Af^^ := (u G Lf s. t 5'(u) < m — 6 and ArQ,^^(u) > 0}; 

:= (u G i/ s. t >S'(u) < m — 5 and < 0}. 
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By Theorem I2.3[ the reunion is independent of {a, (3). So, it is sufficient 

to prove that is independent of (a,/3).The rescaling := e“^u(e“^^.) implies 
that a neighborhood of zero is in If *S'(u) < m and Ka^piu) = 0, then u = 0. 

So, is open. Moreover, this rescaling with A —?• —oo gives that is contracted 
to zero and so it is connected. Now, write 



Since by the definition, is open and 0 G fl A'^fp,, using a connectivity 
argument, we have ■ 


4.1. Global existence. With a translation argument, we assume that to = 0- Thus, 
S{'^) < m and with lemma ITTl u{t) G A'^^ for any t G [0,T*). Moreover, 


m 


- 2 +N 

= 

1 




2 + iV 


lit n t n 

j=l p J.».l 


> 




2 + iV^" ■ 

J=1 


Thus, u is bounded in Precisely 

m 

sup VIIVm 

0<t<T* 

-j = l 


ni < 


(2 + N)m 



Moreover, since the norm is conserved, we have 


Finally, T* = oo. 


m 

sup >, IIUjIIhi < 

0<t<T* 


4.2. Non global existence. With a translation argument, we assume that to = 0. 
Thus, >S'(u) < m and with Lemma ICT u(f) G Al“^ for any t G [0, T*). By contradic¬ 
tion, assume that T* = oo. Take the real function Q{t) := \x\‘^\uj{t)\‘^ dx. 

With fl2.4p . we get 

5e"(‘) = f A,-*(u(t)). 

We infer that there exists 5 > 0 such that iF^_^(u(t)) < —6 for large time. 
Otherwise, there exists a sequence of positive real numbers —)■ -|-cxd such that 

—)■ 0. By Lemma [231 yields 

m< {S - iFi _^)(u(f„)) = S'(u(0,.)) - iFi _^(u(t„)) ^ S'(u(0,.))) < m. 
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This absurdity finishes the proof of the claim. Thus Q” < —86. Integrating twice, 
Q becomes negative for some positive time. This contradiction closes the proof. 

5. Strong instability 

This section is devoted to prove Theorem 12.61 about strong instability of standing 
waves. The next intermediate result reads 

Lemma 5.1. Let to be a ground state solution of fl2.2jl . A > 1 a real number 
close to one and ua the solution to fll.ll) with data Ta := A“T(A.). Then, for any 
t G (0, T*), 

S{ux{t)) < S'(T) and K.^ _^{ux{t)) < 0. 

Proof. By Lemma 13.51 we have 

S{^x) < Si'^) and K^ _^{^x) < 0 . 

Moreover, thanks to the conservation laws, it follows that for any t > 0, 

S{nx{t)) = Si'^xit)) < ^(vh). 

Then _A(uA(t)) 7 ^ 0 because T is a ground state. Finally _A(uA(t)) < 0 with 
a continuity argument. ■ 

Now, we are ready to prove the instability result. 

Proof of Theorem 12.61 Take ua G Ct*{H) the maximal solution to fll.ip with 
data Ta, where A > 1 is close to one and T is a ground state solution to fl2.2p . With 
the previous Lemma, we get 

UA(t) G for any t G (0,r*). 

Then, using Theorem 12.41 it follows that 

lim ||uA(f)||H = 00 . 

t^T* 

The proof is finished via the fact that 

lim IITa — 4/||h = 0 . 

A^l 
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